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Hard-scattering of point-like constituents (or partons) in p-p collisions was discovered at
the CERN-ISR 1 in 1972 by measurements utilizing inclusive single or pairs of hadrons
with large transverse momentum (pT ). Due to the steeply falling power-law pT spec-
trum of the hard-scattered partons, the inclusive single particle (e.g. π0) pTt

spec-
trum from parton fragmentation to a jet is dominated by trigger fragments with large
〈zt〉 ∼ 0.7 − 0.8, where zt = pTt

/pT jet is the fragmentation variable. It was generally
assumed, following Feynman, Field and Fox 2, as shown by data from the CERN-ISR
experiments, that the pTa

distribution of away side hadrons from a single particle trigger
[with pTt

], corrected for 〈zt〉, would be the same as that from a jet-trigger and follow
the same fragmentation function as observed in e+e− or DIS. PHENIX 3 attempted to
measure the fragmentation function from the away side xE ∼ pTa

/pTt
distribution of

charged particles triggered by a π0 in p-p collisions at RHIC and showed by explicit
calculation that the xE distribution is actually quite insensitive to the fragmentation
function. Illustrations of the original arguments and ISR results will be presented. Then
the lack of sensitivity to the fragmentation function will be explained, and an analytic
formula for the xE distribution given, in terms of incomplete Gamma functions, for the
case where the fragmentation function is exponential. The away-side distribution in this
formulation has the nice property that it both exhibits xE scaling and is directly sensitive
to the ratio of the away jet p̂Ta

to that of the trigger jet, p̂Tt
, and thus can be used, for

example, to measure the relative energy loss of the two jets from a hard-scattering which
escape from the medium in A+A collisions. Comparisons of the analytical formula to
RHIC measurements will be presented, including data from STAR 4,5 and PHENIX 3,6,

leading to some interesting conclusions.

∗Research supported by U. S. Department of Energy, DE-AC02-98CH10886.

1



February 9, 2007 14:26 WSPC/INSTRUCTION FILE
Tannenbaum-QM2006proc

2 M. J. Tannenbaum

1. Hard Scattering in p-p collisions at the CERN-ISR

Following the discovery of hard-scattering at the CERN-ISR 1 by the observa-

tion of an unexpectedly large yield of particles with large transverse momentum

(pT ), which proved that the quarks of DIS were strongly interacting, the attention

of experimenters turned to measuring the predicted di-jet structure of the hard-

scattering events using two-particle correlations. The CCOR experiment 7, using

Fig. 1. a) (left) trigger side b) (center) away-side correlations of charged particles with indicated
pT for π0 triggers with pTt

> 7 GeV/c . b) (right) xE distributions from this data .

a π0 trigger with transverse momentum pTt
> 7 GeV/c, was the first to provide

associated charged particle measurement with full and uniform acceptance over the

entire azimuth, with pseudorapidity coverage −0.7 ≤ η ≤ +0.7, so that the jet

structure of high pT scattering could be easily seen and measured (Fig. 1a,b). In

all cases strong correlation peaks on flat backgrounds are clearly visible, indicating

di-jet structure. The small variation of the widths of the peaks opposite to the trig-

ger for pT > 1 GeV/c (Fig. 1b) indicates out-of-plane activity from the individual

fragments of jets.

Following the methods of previous CERN-ISR experiments 1,2, the away jet az-

imuthal angular distributions of Fig. 1b, which were thought to be unbiased, were

analyzed in terms of the two variables: pout = pT sin(∆φ), the out-of-plane trans-

verse momentum of a track; and xE , where:

xE =
−~pT · ~pTt

|pTt
|2 =

−pT cos(∆φ)

pTt

≃ z

zt

zt ≃ pTt
/pT jet is the fragmentation variable of the trigger jet, and z is the fragmen-

tation variable of the away jet. Note that xE would equal the fragmenation fraction

z of the away jet, for zt → 1, if the trigger and away jets balanced transverse mo-

mentum. The xE distributions 7 for the data of Fig. 1b are shown in Fig. 1c and
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show the fragmentation behavior expected at the time, e−6z ∼ e−6xE〈zt〉. It was

generally assumed, following the seminal article of Feynman, Field and Fox 2, that

the pTa
distribution of away side hadrons from a single particle trigger [with pTt

],

corrected for 〈zt〉, would be the same as that from a jet-trigger (Fig. 2a) and follow

the same fragmentation function as observed in e+e− or DIS, as apparently shown

by ISR measurements 1 (Fig. 2b).

Fig. 2. a) (left) [top] Comparison 2 of away side charged hadron distribution triggered by a π0

or a jet, where zπ0 = xE and zj = pTa
/pT jet. [bottom] same distributions with π0 plotted vs

z′j = 〈zt〉xE . b) (right) Jet fragmentation functions 1 from ν-p, e+e− and p-p collisions (Fig. 1c).

2. Hard scattering in p-p and A+A at RHIC

PHENIX 3 attempted to measure the mean net transverse momentum of the di-jet

(
〈

pTpair

〉

=
√

2 〈kT 〉) in p-p collisions at RHIC, where kT (see above) represents

the out-of-plane activity of the hard-scattering 2,1. This requires the knowledge of

〈zt〉 of the trigger π0, which PHENIX attempted to calculate using a fragmentation

function derived from the measured xE distributions (Fig. 3a). It didn’t work.
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Fig. 3. a) (left) xE distributions 3 together with calculations using fragmentation functions from
LEP; b) (right) LEP fragmentation functions. See Ref. 3 for details .
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Finally, it was found that starting with either the quark ≈ exp(−8.2 ·z) or the gluon

≈ exp(−11.4 ·z) fragmentation functions from LEP (Fig. 3b solid and dotted lines),

which are quite different in shape, the results obtained for the xE distributions

(solid and dotted lines on Fig. 3a) do not differ significantly! Although nobody had

noticed this for nearly 30 years, the reason turned out to be quite simple.

The joint probability for a fragment pion with pTt
= ztp̂Tt

, originating from

a parton with p̂Tt
, and a fragment pion with pTa

= zap̂Ta
, originating from the

other parton in the hard-scattered pair with p̂Ta
, where p̂Ta

/p̂Tt
≡ x̂h<∼ 1 due to

kT smearing 2,3 is:

d3σπ(p̂Tt
, zt, za)

p̂Tt
dp̂Tt

dztdza

=
dσq

p̂Tt
dp̂Tt

× Dπ
q (zt) × Dπ

q (za) , (2)

where dσq/p̂Tt
dp̂Tt

is the kT -smeared final-state scattered-parton invariant spec-

trum and Dπ
q (zt) represents the fragmentation function. Changing variables from

p̂Tt
, zt to pTt

, zt, and from za to pTa
gives:

d3σπ

dpTt
dztdpTa

=
1

x̂h pTt

dσq

d(pTt
/zt)

Dπ
q (zt)D

π
q (

ztpTa

x̂hpTt

) . (3)

The xE distribution can be found by integrating over dzt in Eq. 3 and dividing by

the inclusive pTt
cross section. With no assumptions other than a power law for

the parton p̂Tt
distribution (dσq/p̂Tt

dp̂Tt
= Ap̂−n

Tt
) , an exponential fragmentation

function (Dπ
q (z) = Be−bz) and constant x̂h, the result for the xE distribution in

the collinear limit, where, pTa
= xEpTt

is:

dPπ

dxE

∣

∣

∣

∣

pTt

=
1

x̂h

B

b

1

(1 + xE

x̂h

)n

[

Γ(n, b′xTt
) − Γ(n, b′ x̂h

xE

)
]

[Γ(n − 1, bxTt
) − Γ(n − 1, b)]

, (4)

where b′ = b(1 + pTa
/x̂hpTt

) and Γ(a, x) is the upper incomplete Gamma function,

where Γ(a, 0) = Γ(a) and Γ(a) = (a − 1)! for a an integer.

A reasonable approximation is obtained by taking the upper limit of the integral

over zt to infinity and the lower limit to zero, so that the ratio of incomplete Gamma

functions in Eq. 4 becomes equal to Γ(n)/Γ(n− 1) = n− 1 and the xE distribution

takes on a very simple and very interesting form:

dPπ

dxE

∣

∣

∣

∣

pTt

≈ 〈m〉 (n − 1)
1

x̂h

1

(1 + xE

x̂h

)n
. (5)

Equation 5 has very nice properties: i) the dominant term is the Hagedorn

function 1/(1+xE/x̂h)n so that Eq. 5 exhibits xE-scaling in the variable xE/x̂h (see

Fig. 4a); ii) the shape of the xE distribution is given by the power n of the partonic

and inclusive single particle transverse momentum spectra and does not depend on

the exponential slope of the fragmentation function; iii) the only dependence on

the fragmentation function is that the integral of the xE distribution (from zero to

infinity) is equal to 〈m〉, the mean multiplicity of the unbiased away-jet.
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Fig. 4. a) (left) Eq. 5 divided by 〈m〉. Curves are for x̂h =1.0 (red), 0.8, 0.6, 0.4, 0.2 (blue). b)
(right) Eq. 5 with x̂h adjusted to match PHENIX 3 and STAR 4 p-p data.

The reason that the xE distribution is not very sensitive to the fragmentation

function is that the integral over zt for fixed pTt
and pTa

(Eq. 3) is actually an

integral over the jet transverse momentum p̂Tt
. However since both the trigger

and away jets are always roughly equal and opposite in transverse momentum,

integrating over p̂Tt
simultaneously integrates over p̂Ta

, and thus also integrates

over the away jet fragmentation function. This can be seen directly by the presence

of zt in both the same and away fragmentation functions in Eq. 3, so that the

integral over zt integrates over both fragmentation functions simultaneously.

3. Application to A+A Collisions

Equation 5 is simple but powerful. It relates the ratio of the transverse momenta

of the away and trigger particles, pTa
/pTt

≈ xE , which is measured, to the ratio

of the transverse momenta of the away to the trigger jet, p̂Ta
/p̂Tt

, which can thus

be deduced. Although derived for p-p collisions, Eq. 5 should work just as well

in A+A collisions since the only assumptions are independent fragmentation of

the trigger and away-jets with the same exponential fragmentation function and

a power-law parton p̂Tt
distribution. The only other (and weakest) assumption is

that x̂h is constant for fixed pTt
as a function of xE . Thus in A+A collisions, Eq. 5

for the xE distribution provides a method of measuring the ratio x̂h = p̂Ta
/p̂Tt

and

hence the relative energy loss of the away to the same side jet assuming that both

jets fragment outside the medium with the same fragmentation function as in p-p

collisions.

To test the validity of Eq. 5 we first apply it to the PHENIX 3 and STAR 4

p-p data, with the fixed value of n = 8.1 measured for π0 in p-p 8 by adjusting the

normalization and the scale x̂h to agree with the data. The values are x̂h = 0.8 for



February 9, 2007 14:26 WSPC/INSTRUCTION FILE
Tannenbaum-QM2006proc

6 M. J. Tannenbaum

PHENIX 3 in agreement with the calculated value from kT smearing, and x̂h = 1

for STAR 4. We then follow the same procedure for the STAR Au+Au data 4,5

(Fig 5). The best values are x̂h = 1 for p-p, x̂h = 0.75 for Au+Au peripheral, and

x̂h = 0.48 for Au+Au central (Fig. 5a) 4; and x̂h = 1.30 for d+Au, x̂h = 1.20 for

Au+Au peripheral (20-40%) and x̂h = 0.85 for Au+Au central (0-5%) (Fig. 5b) 5.

Thus, to within the error of the simple scaling analysis, both measurements indicate

a clear and steady decrease of the energy of the away jet relative to the trigger jet

with increasing centrality, reaching a ratio of ∼ 0.5 for central Au+Au collisions

compared to the p-p or d+Au baseline. Due to the surface bias of the trigger jets,

these results indicate that the energy loss of the away jet increases with distance

travelled in the medium. It will be very interesting to compare this simple analysis

and conclusion to the results and conclusions of full theoretical analyses of the data.

Of course the experimental results still must be improved since both the absolute

values and the xE slopes of the two STAR measurements disagree with each other

and the slopes for xE > 0.4 of all the data in Fig. 5b 5 are much flatter than other

measurements in p-p and d+Au collisions in the same pTt
range 6 as reflected in

the anomalous value of x̂h ≈ 1.30 in this range for all systems.

Fig. 5. Eq. 5 adjusted to match STAR data: a) (left) Ref. 4 . b) (right) Ref. 5 .
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